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Abstract
In this paper, the authors proved that the order of volume growth of Kählerian manifolds with positive bisectional curvature near
infinity is at least half of the real dimension (i.e., the complex dimension).
© 2007 Elsevier B.V. All rights reserved.
MSC: 53C21; 53C55
Keywords: Volume growth; Bisectional curvature; Kählerian manifolds
1. Introduction and main result
There have been many works dealt with problems on Riemannian or Kählerian manifolds M whose curvature is
of a fixed sign, especially on volume growth of manifolds. One of the main problems is to investigate the relation
between curvature and volume growth of these manifolds. First, we recall some results on Riemannian manifolds. For
a Riemannian manifold Mn, by the classical Bonnet–Myers theorem (see [2]), M is compact if the sectional curvature
or even the Ricci curvature of M has a positive lower bound. When M is noncompact, Yau [19] proved that a complete
Riemannian manifold admitting a nonconstant convex function must have infinite volume. As a consequence, a com-
plete noncompact Riemannian manifold with everywhere nonnegative sectional curvature must have infinite volume.
In [7,8], Greene–Wu generalized the above result by considering nonnegative subharmonic functions on manifolds.
They showed that manifolds with positive (resp. nonnegative) sectional curvature outside a compact set must have
linear volume growth (resp. infinite volume).
As for Ricci curvature, using Bishop–Gromov volume comparison theorem (see [1]) it is easy to get that the
volume growth of an open manifold with nonnegative Ricci curvature is at most as the Euclidean volume growth.
On the other hand, Yau [20] proved that the volume growth of a complete noncompact Riemannian manifold with
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are the cylinder and any other cross product of a compact manifold with the real line. Then for a complete noncompact
n-dimensional Riemannian manifold M with nonnegative Ricci curvature, the volume growth of M satisfies:
cr Vol
(
B(x0, r)
)
 Crn,
where Vol(B(x0, r)) is the volume of the geodesic ball centered at x0 ∈ M with radius r , and c,C are some positive
constants depending on x0 and the dimension n. Yau’s result was generalized by Cheeger–Gromov–Taylor [3] to man-
ifolds with nonnegative Ricci curvature outside a compact set. In fact, they showed that manifolds with quadratically
decaying lower bounds on Ricci curvature have a specific lower bound on volume growth. For recent result in this
direction we refer the reader to [17].
Now we turn to the case of Kählerian manifold. In this case, we have the notion of bisectional curvature which can
be considered intermediate between sectional curvature and Ricci curvature. So far on the volume growth of Kählerian
manifolds, The works of Mok–Siu–Yau [11] and Chen–Zhu [4] dealing with the Siu’s conjecture [16], which used
the maximal volume growth condition. And large volume growth condition was often used by people (for example
[12,14,15]) to study the geometric and topological structure of manifolds. We can see that volume growth condition
of a manifold actually provides geometric and topological information sometimes. In addition, a series of papers (for
example [6,10,13]) on the space of harmonic functions of polynomial growth on manifolds also used this condition.
Return to the volume growth of manifolds, recently, Chen–Zhu [5] gave the following theorem:
Theorem 1. (See Chen–Zhu [5].) Let M be a complex n-dimensional complete noncompact Kählerian manifold with
nonnegative bisectional curvature. Suppose also its holomorphic bisectional curvature is positive at least at one point
x0. Then the volume growth of M satisfies
Vol
(
B(x0, r)
)
 Crn for all 1 r < ∞,
where C is some positive constant depending on x0 ∈ M and the dimension n.
Remark. In view of Theorem 1, it is naturally raised a question whether there is a similar volume growth estimate for
Riemannian manifolds even with positive sectional curvature. The answer is negative, see [5] for examples.
In fact, for an arbitrary manifold Mn, the curvature condition (the holomorphic bisectional curvature is nonnegative
everywhere) in Theorem 1 maybe strict sometimes. There is a question whether we can weaken this curvature condi-
tion in some sense and retain the volume growth estimate. In this paper, we generalize the above result to manifolds
with nonnegative curvature near infinity. More specifically, we will prove the following theorem.
Theorem 2. Let M be a complex n-dimensional complete noncompact Kählerian manifold and let K ⊂ M be a
compact set. Suppose the bisectional curvature is positive on M\K , then
Vol
(
B(x0, t)
)
 Ctn for all x0 ∈ M and t sufficiently large,
where C is some positive constant depending only on x0 ∈ M , K and the dimension n.
In Theorem 2, there is no requirement of curvature condition on compact subset K ⊂ M . In this sense, Theorem 2
generalizes Theorem 1.
2. Busemann function
We first recall the definition of Busemann function. Let M be a complete noncompact Riemannian manifold and
let x0 be an arbitrary point in M . Since M is complete and noncompact, there is a geodesic ray, say γ (t), emanating
from x0, i.e., γ : [0,+∞) → M is a normal geodesic such that γ (0) = x0 and for any s, t  0 it holds that the
distance function d(γ (s), γ (t)) = |s − t |. For any t  0 and the given geodesic γ , we define the function ηtγ :M →R
as:
ηtγ (x) = d
(
x0, γ (t)
)− d(x, γ (t))= t − d(x, γ (t)).
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∣∣ηtγ (x)∣∣= ∣∣d(x0, γ (t))− d(x, γ (t))∣∣ d(x0, x).
Let l = maxx∈C d(x0, x), then for any x ∈ C and t  0 we have |ηtγ (x)|  l. While it is easy to see that for any
0 s < t , the following is obvious:
ηtγ (x) − ηsγ (x) = (t − s) + d
(
x, γ (s)
)− d(x, γ (t))
= d(γ (s), γ (t))+ d(x, γ (s))− d(x, γ (t)) 0.
We get ηtγ is monotonically increasing function of t . Now then limt→+∞ ηtγ (x) exists for any x ∈ M . We de-
note
ηγ (x) := lim
t→+∞η
t
γ (x).
Definition 1. The function ηγ :M →R is called the Busemann function of γ .
This function generalizes the notion of linear function. when manifolds with positive or nonnegative curvature, the
Busemann function has useful properties. Using its concavity, Gromoll–Meyer [9] proved that an open manifold with
positive curvature is diffeomorphic to Rn. In [20], Yau gave the lower bounded volume growth estimation of complete
manifolds with nonnegative Ricci curvature also used the properties of Busemann function.
In [18], Wu gave the following theorem stating the relationship between curvature and the properties of Busemann
function.
Theorem 3. (See Wu [18].) Let M be a complete noncompact Kähler manifold and K be a compact subset of M .
The holomorphic bisectional curvature is nonnegative on M\K . Fix an ηγ as above. Then there exists an a0 ∈ R, a0
depending only on K , such that the Busemann function ηγ restricted to the open set {ηγ > a0} is plurisubharmonic
on M\K ; furthermore, ηγ restricted to {ηγ > a0} is strictly plurisubharmonic at the points (in M\K) where the
holomorphic bisectional curvature is positive.
Now let M and K as in Theorem 3, and the holomorphic bisectional curvature is positive rather than nonnegative
on M\K . For any x0 ∈ M , let γ be an arbitrary geodesic ray emanating from x0 and ηγ be the Busemann function
of γ . If a0 ∈ R as in above theorem, it is easy to see that for any a > a0, the Busemann function ηγ restricted to
{ηγ > a} is plurisubharmonic on M\K . Accordingly, we can select sufficiently large a0 > 0 and assume a0 = 2a1
such that K ⊂ B(x0, a1), where B(x0, a1) denote the geodesic ball centered at x0 ∈ M with radius a1. In addition, it
is easy to prove (by the triangle inequality) that ηγ (x) a1 holds for any x ∈ K . We define
η := sup
γ
ηγ ,
where sup is taken over all geodesic rays issuing from x0. Then η(x) a1 < a0 holds for any x ∈ K . i.e., K ⊂ {x ∈
M: η(x) a0}. By Theorem 3, we get the following result.
Theorem 4. Let M be a complete noncompact Kähler manifold and K be a compact subset of M . The holomorphic
bisectional curvature is positive on M\K . Then there exists an a0 ∈R, a0 depending only on K , such that η restricted
to the set {x ∈ M: η(x) > a0} is strictly plurisubharmonic.
In the sequel we shall assume that K , a0 and a1 as above.
3. The proof of Theorem 2
Now we give the proof of Theorem 2.
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M: η(x) > 2a1}. Fix t > 2a1 + 1, then B(γ (t), t − 2a1) ⊂ Ω and∫
B(γ (t),t−2a1)
(√−1∂∂¯η)n
(
1 − d(γ (t), x)
t − 2a1
)n
= −n
∫
B(γ (t),t−2a1)
(
1 − d(γ (t), x)
t − 2a1
)n−1√−1∂
(
1 − d(γ (t), x)
t − 2a1
)
∧ ∂¯η ∧ (√−1∂∂¯η)n−1
 n
t − 2a1
∫
B(γ (t),t−2a1)
(
1 − d(γ (t), x)
t − 2a1
)n−1(√−1∂∂¯η)n−1 ∧ ω
 n(n − 1)
(t − 2a1)2
∫
B(γ (t),t−2a1)
(
1 − d(γ (t), x)
t − 2a1
)n−2(√−1∂∂¯η)n−2 ∧ ω2
· · ·
 n!
(t − 2a1)n
∫
B(γ (t),t−2a1)
ωn
= n!
(t − 2a1)n Vol
(
B
(
γ (t), t − 2a1
))
(1) n!
(t − 2a1)n Vol
(
B
(
x0,2t − 2a1
))
,
where ω is the Kähler form of M which is closed.
On the other hand,
(2)
∫
B(γ (t),t−2a1)
(√−1∂∂¯η)n
(
1 − d(γ (t), x)
t − 2a1
)n
 c(a1) = C(x0,K) > 0.
Hence,
Vol
(
B(x0, t)
)
 C(x0, n,K)tn
for sufficiently large t . This completes the proof. 
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